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Abstract

Let G be any graph. A dominating set S in G is called a
complementary pendant dominating set if (V' —.S) contains
at least one pendant vertex. The minimum cardinality of a
complementary pendant dominating set is called the com-
plementary pendant domination number of G, denoted by
Yepd(G). In this paper we begin to study this parameter.
We calculate exact values of v.,q for some families of stan-
dard graphs. Further the bounds and the relation with other
domination parameters are estimated for 7.pq.

AMS Subject Classification: 05C69.
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1 Introduction

Let G be any graph. The concept of paired domination is an
interesting concept introduced by T. W. Haynes in with the fol-
lowing application in mind. If we think of each vertex v as the
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possible location for a guard capable of protecting each vertex in
its closed neighborhood, then domination requires every vertex to
be protected. For total domination, each guard must, in turn, be
protected by other guard. But for paired-domination, each guard is
assigned another adjacent one, and they are designated as backups
for each other. Motivated by this the concept, pendant domina-
tion was introduced and studied in [3]. In this paper, we introduce
and study the complementary pendant in graphs. For any graph
theoretic terms not defined here, refereed to [1, 2].

2 Basic Definition and Notation

For each vertex v € V, the open neighborhood of v is the set
N(v) containing all the vertices u adjacent to v and the closed
neighborhood of v is the set N[v] containing v and all the vertices u
adjacent to v. A vertex of a degree one is called a pendant vertex.
A subset S of V(G) is a dominating set if N[S|] = v. The least
cardinality of a dominating set is called the domination number,
denoted by v(G).

A dominating set S of a graph G is said to be paired domi-
nating set of G if the (S) contains at least one perfect matching.
Any paired dominating set with minimum cardinality is called a
minimum paired dominating set. The cardinality of the minimum
paired dominating is called the paired domination number of G and
is denoted by 7,4(G). A dominating set S is called a total dom-
inating set if (S) contains no isolated vertex. The cardinality of
the minimum total dominating set is called the total domination
number of G and is denoted by v;(G). A dominating set S in G is
called a pendant dominating set if (S) contains at least one pendant
vertex. The minimum cardinality of a pendant dominating set is
called the pendant domination number denoted by 7,.(G).

The corona of two disjoint graphs GG; and G5 is defined to be the
graph G = G10G, formed from one copy of G and |V (G1)| copies of
(G5 where the ith vertex of (G; is adjacent to every vertex in the ith
copy of Gy. If G and H are disjoint graphs,then the join of G and H
denoted by GV H is the graph such that V(GV H) = V(G)UV(H)
and E(GVH)=EG)UEH)U{w :ueV(G),veV(H)}.
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3 The Complementary Pendant Domi-
nation Number of a Graph

A dominating set S in G is called a complementary pendant dom-
inating set if (V' — S) contains at least one pendant vertex. The
minimum cardinality of a complementary pendant dominating set
is called the complementary pendant domination number of G, de-
noted by 7Yepa(G).

Example 1. For the graph G in the Figure 1.1, one can ver-
ify that S = {3,4,9,12,15} is a dominating set with {1,2} as a
pendant vertex in < V — S >. Hence S is a 7ypq— set. Further
{3,4,10,15} is the minimum ~y.,q— set and S0 Yepa(G) = 4.

1

b A
N2

11
Figure 1.1

From the definition of the complementary pendant domination num-
ber, we have the following observation:

Observation 1. Let GG be totally disconnected or GG a star.
Then complementary pendant domination number is not defined for
GG. Hence throughout this article by a graph G we assume m > 1.

o Y(P,) = Ype(Pn) =T(Py) = Yepa(P,) if and only if n = 4.
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i ’Y(Km,n) = /ype(Km,n) = F(Km,n) = Fpe(Km,n) = chd(Km,n) if
and only if m,n = 2.

e Let G be bistar, then I'(G) = Yepa(G).

When the new domination parameter is defined, it is natural to
find the relation between the new parameters and the existing pa-
rameter. In the following examples, we note observe that there
is no relation between 7, v, and 7.. First let G be a cycle Cs,
then 7.,q does not exceed any of these parameters. Next, suppose
G =2 P, o Ky, then we will have 7(G) = 7,.(G) = 7.(G) = 4 but
Yepd(G) = 10. Hence, there is no relation between theses parame-
ters.

Lemma 1. The following are true

(i) ’70pd<Kn) =n-—- 2777' > 3.

(ii) Vepa(Kmp) =m+n—3,m,n > 2.
(iii) '7cpd(Pn) = 'Yde(Cn) = f%kn > 4.
(iV) f)/cpd(ﬂ/n) = 27 n_z 4

(V) Yepa(Cr) = Yepa(Pn) =n — 3, n > 3.
(vi) For any graph G, 7(G) < Yepa(G).

Proof. (i) Every induced subgraph of K, is complete. For any
two adjacent vertices {u,v} in K, the set S = {V(K,) — {u,v}}
will be a complementary pendant dominating set of K,. Hence
Yepd = |S| =mn — 2.

(ii) Let {V3, Va} are two partite set in K, ,, Choose an arbitrary
path P; = {vy,v9,v3} in Ky, ,,. Then, the set S =V — {vy,v9,v3}
will be a complementary pendant dominating set of K,,,. Hence,
Yepd(Kmn) <| S |= m +mn — 3. On the other hand, it may be
noted that any subset S’ of size at least m +n — 4, the set V' — S
has minimum degree at least 2. Thus, we must have Yepa(Kppn) >
m +n — 3, proving (ii).

(iii) Let G be a Cycle or a Path with n > 4 vertices. Then
S = {v,v4,v7,...,0,} will be a y— set of G and < V — S >
contains a pendant vertex and so S itself a complementary pendant
dominating set of G. Therefore 7.,4(G) =| S |= [%].

(iv) Let W, be a wheel with n > vertices. and let u be a
vertex at the center of W,,. Clearly {u} will be a dominating set
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but V — {u} is a cycle C,,_;. Hence v.pq(W,) > 2. Next, choos-
ing an arbitrary vertex v on cycle C),_1, the set S = {u,v} will
be a minimum complementary pendant dominating set. Therefore
%pd(wn) =2. .

(v) Clearly 6(C,) = n — 3 and so there exist a vertex v; in
C,, which is not adjacent to two vertices v, and v,. Now the set
S =V —{vy,v9,v,} is a complementary pendant dominating set.
So v(Cy) < |V — {v1,v9,v,}| = n — 3. Therefore vepa(C,) = n — 3.

(vi) Since every complementary pendant dominating set is also
a dominating set of a graph G, it follows that 7(G) < v,4(G). O

Proposition 1. Let G be a n-pan Graph, of order n > 4.
Then ’chd(G) = [%1

Theorem 1. Let G = K,,(ay,as,...,a,) be amultistar graph,
with a1 < as < a3z <...<a,. Then yupi(G) = |ai| + |ag| + m — 2.

Proof. Let G = K, (a1, as,...,ay) be amulti star of order a; +
as + -+ ay, +m. Assume that a1 < as < --- < a,,. Let u and
v be a two adjacent supported vertices of G. The set S contains
leaves of u, v and all the supported vertices of a multistar graph G
except u,v. Therefore v.,q4(G) =| S |= |a1| + |az| +m — 2. O

Proposition 2. Let G be a bistar graph then 7.,q(G) = m+n.

Proof. Let G be a bistar graph. The set S = {u,v} is the
dominating set of G. Then < V — § > contains a pendant vertex,
therefore S is a complementary pendant dominating set of G. So
Ypd(G) = |S| ={m+n+2} —2=m+n. O

Theorem 2. Let G be a Barbell graph. Then 7eq(G) =
2(n—1).

Proof. Let G be a barbell graph and let V(G) = {vy, va, ..., v, }.

Let vy and vy be the adjacent vertices of G attached to the copies of
complete graph. Then, clearly the set S = {v, v} is a dominating
set of G. Now the set S = V — S is a complementary pendant
dominating set of G. Therefore vo4(G) =2n —2=2(n—1). O

Theorem 3. Let G be a Ladder graph. Then v.4(G) =
[5]+2.
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Proof. Let G be a ladder graph, fix an edge usvs of G. Then
for any v— set S of Py x P,_3, the set S = S" U {ug,v2} be the
minimum complementary pendant dominating set of G. Hence
Yepd(Pa X Py) = v(Py x Po_3) +2 = [5] + 2. O

Theorem 4. IfT isatree of ordern > 3, then A(T') < ~epa(T).
Furthermore v.pq(T) = A(T) if and only if T' is a wounded spider
graph which is not a star.

Proposition 3. Forr > 2, if G is a r—regular graph. Then
Yepd(G) < (G) + 1 — 2.

Theorem 5. Let G be a graph with n vertices. Then ~(G) +
Vepd(G) < .

Proof. Let S be a complementary pendant dominating set. Then
S is a dominating set and < V' — S > contains a pendant vertex.
obviously, Yea(G) < |S|. Since S is a dominating < V' — S > is also
a dominating. Thus v(G) <| V — S |. Hence v(G) + vpa(G) <| S |
+ |V — S |=n, proving the result. O

Proposition 4. Let G be any graph. Then (#(Gﬂ <
’chd(G> S n— A(G)

Theorem 6. Let G be any graph with n vertices. Then,
[ min{m,n}, if G contains a pendant vertex.
Vopd (G V Prm) = { n, otherwise.

Proof. Let GG be any graph of order n and let P,, be a path of
order m. Let {vy,vq,...v,} and {uy,us,...u,} are vertices of G
and P, respectively. If GG contains a pendant vertex then clearly
Yepd(GV Pp,) = min{m,n}. Then < V(G V P,,) — {v1,va,...v,} >
contains a pendant vertex. Therefore v,q(GV H) =| G |=n. O

Proposition 5. If G is a graph, then v.,q4(G) = 1 if G =
TV Ky, where T is a tree.

Proof. Assume G = T+ K7, then the set {v} is a complementary
pendant dominating set of G. where V(K;) = {v}. Conversely if
Yepd(G) = 1, then there exist a complementary pendant dominating
set S of G with | S |= 1. Such that < V(G)—S > is tree, since each
vertex in < V(G) — S > is adjacent to the vertex S. G =TV K,
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where T' =< V(G) — S >. O

Theorem 7. Let G be a connected graph with n vertices.
Then 7pa(G 0o K7) = n.

Proof. Let us choose u and v be any two leaves of adjacent sup-
ported vertices of the graph (G o H). The set S = {V — N(u,v)}U
{u,v} will be a complementary pendant dominating set of (G o H).
Then |S| < |V — N(u,v)|U{u,v} =n—2+2=n. O

Theorem 8. Let Ty and T be any two trees of order ny and
ny respectively. Then 7y.pa(17 0 To) = n;.

Proof. Let V(T}) denotes the vertex set of 77 and V(7}) is a
dominating set of T} o T;. Then < V (T} 0oTy) — V(1) > contains a
pendant vertex, therefore V' (77) is a complementary pendant dom-
inating set of T o Ty. Yepa(Th 0 T) =| V(1) |= na. O

Theorem 9. Let G be any graph, if diam(G) > 3 and G

contains a no isolated vertex. Then 7.,q(G) = 2.

Proof. Let u and v be two vertices of G such that d(u,v) =
diam(G) > 3. Obviously u and v dominates G since there is no
vertex in G adjacent to both u and v. Hence {u, v} dominates G and

Yepd(G) < 2. If 74a(G) = 1, then G has an isolated vertex,contrary
to the hypothesis. O]

Proposition 6. Let G be a triangle free graph of order at

least 4. Then ~epq(G) = 2 or 3.

Proof. Let G be a triangle free graph. If G contains an isolated
vertex then clearly fycpd(@) = 2. Suppose G has no isolated vertex,
then G contain at least one edge say e = uv. As G is triangle free no
vertex in G can be adjacent to both w and v. Thus S = {u, v} will
be a y—set in G. Now, for any vertex w € V(G), the set S U {w}

will be a v.pa-set in G. Hence, 7,4(G) = 3. O
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